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Approximation by weighted rationals of the form w"r,, where r,=p, /q,, p, and
¢, are polynomials of degree at most [an] and [ fn], respectively, and w is an
admissible weight, is investigated on compact subsets of the real line for a general
class of weights and given o >0, >0, with o« + > 0. Conditions that characterize
the largest sets on which such approximation is possible are given. We apply the
general theorems to Laguerre and Freud weights.  © 2000 Academic Press

1. MAIN RESULTS

The problem of uniform approximation on compact subsets of the real
line by weighted rational functions of the form w”"r,, where w is an
admissible weight, and r, is a rational function, was investigated in [1, 7].
Here we further generalize the previous results and we consider applica-
tions to Laguerre and Freud weights.

For ne N, let 2, denote the space of algebraic polynomials of degree at
most n. For a compact set E, C(E) denotes the space of continuous real-
valued functions on E. The symbol [ - ] denotes the greatest integer function.

Let X2 be a closed regular subset of the real line R and w: 2 — [0, o0) be
a strongly admissible weight, that is, w is continuous on X, it is positive on
a set of positive capacity, and if 2 contains a neighborhood of the point oo,
then |x|w(x) >0 as |x| > o0, xe 2. Let a >0, >0 with a + > 0 be given
numbers.

We shall first consider the problem of characterizing the compact sets
E < X having the approximation property that every function fe C(E) is
the uniform limit on E of a sequence {w"r,} = |, With r,=p,./q,. P, € & 1
and g, € % 4,7.
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From previous results from [10,8] regarding weighted polynomial
approximation (the case a =1, f=0) it is known that E< S,,, where S, is
the support of an extremal measure u,,, the unique probability measure
that minimizes the weighted energy

1
L(n) = H IOgm du(z) du(r)

over the set .#(X) of all probability Borel measures u supported on 2. It
is also known [ 6, 8], that S,, is a compact set, and the following represen-
tation for w(x) holds on S, :

w(x)=exp(U**(x)—F,), xes,, (L.1)

where F,, is a constant, and for a compactly supported Borel measure u the
logarithmic potential U* is defined by

U¥(z) := J log du(t), zeC.

lz—1]

In [7, Theorem 1.57, it was shown that representation like (1.1) on an interval
I with u, replaced by a signed measure u=p* —u~ with absolutely
continuous i * having densities that behave like |z — ¢| ~'/? at the endpoints
¢ of I allows approximation on /. Thus the largest set £ having the approx-
imation property is essentially the largest set £ on which w can be written
as the exponential of the logarithmic potential of an absolutely continuous
signed measure.

Before stating the main results of the paper we introduce some notation.

Let K< R be a compact set of positive logarithmic capacity and wg be
its equilibrium measure, that is, the measure which minimizes the unweighted
logarithmic energy I,(u) over all measures ue€.#(K). If wg is absolutely
continuous with respect to Lebesgue measure, then by fr we shall denote
its density.

Let v be a positive measure supported on K. For ye R we define the
signed measure

a(y) :=v—yowg.
Let o(y)=0"(y)— 0o~ (y) be the Jordan decomposition of a(y) and set
p(y):=la™ ()l and  n(y):=lc"(p)l.

Our first theorem combines and extends Theorem 1 of [ 1] and Theorem
1.5 of [7].
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THEOREM 1.1. Let w be a strongly admissible weight defined on a set E
which is the union of finitely many closed intervals. Let =0, >0 with
o+ >0 be given numbers. Assume that

w(u) =exp(U"(u) + F), uek, (L.2)

where F is a constant, dv(t)=v(t)dt on E, and the density v is continuous
and nonnegative on Int(E), and at each endpoint ¢ of E,

o(t) |t—c|V? -1, < o0, t—c, teE. (1.3)

Let o(y)=v— yowg.

First assume that there is a sequence of weighted rationals of the form
wW'p,/q, with p, €%,y and q, €% g,y such that w'p,/q, —»1 as n— oo
uniformly on E. Then there exists y € R with p(y) <« and n(y) <p.

Next assume that there exists y € R such that p(y) <o and n(y)<pf. Then
every function f € C(E) is the uniform limit on E of a sequence of weighted
rationals {w"p,/q,} 7_, with p, € %, and q,, € % 5,

n=1

Remark 1.2. If E is a compact set with p(x) =« and n(x) = for some
x, then weighted rational approximation on E of functions not vanishing
on E is not always possible. This is the case for the exponential weight
w(u)=e€* on the interval [0,2xn]. In this case, for a=f=1, A.B.l.
Kuijlaars has proved that every function f'e C([0, 2n]) that has at least
one zero on [, 2n] is approximable. Hence neither of the conditions of
Theorem 1.1 is both necessary and sufficient.

It turns out that for certain classes of admissible weights w the condi-
tions of Theorem 1.1 are satisfied on each set S,,., 1> 0.

COROLLARY 1.3. Let w(u)=exp(— Q(u)) be a positive continuous weight
defined on a set X' <R that is the union of finitely many closed intervals
{1} 7L Assume that on each interval I, the external field Q(u) is convex or
|u| Q'(u) is increasing, and for some p e (1, ), w' € LP(X). Then w satisfies
the conditions of Theorem 1.1. Furthermore, Theorem 1.1 holds on each set
E=S,, A>0.

Conversely, if w is a weight satisfying the conditions of Theorem 1.1 on a
set E that is the union of finitely many intervals, then E= S, for some /. > 0.

COROLLARY 1.4. Let w(u)=exp(— Q(u)) be an admissible weight defined
on a set X <R that is the union of finitely many intervals, and assume that Q
is a real-analytic function on X. Then w satisfies the conditions of Theorem 1.1.
Furthermore, Theorem 1.1 holds on each set E=S,,;, A>0.



344 SAFF AND SIMEONOV

The above results and the representation
w(x) =exp(UYP#wi(x)—(1/A) F,2), xeS, (14)

which follows from (1.1) suggest that it is important to study weighted
rational approximation on the sets S,,:. Before we state the corresponding
approximation problem we mention that by [8, Theorem IV.4.1], ([ 10,
Lemma 5.41])

S, ES,0, for /11>12>0. (L5)

Now we state the first approximation problem:

(A1) For given « =0 and f =0 with o+ >0 find the largest set S,,. (or,
equivalently, the smallest 4 >0) with the property that on every compact set
EcInt(S,,:) every function f € C(E) is the uniform limit on E of a sequence
{M}npn/qn} ZO: 1 M}ilh Pn € e?tocn] and q, € ’%ﬂn] .

Before stating the next theorem we introduce some notation. For >0
and y € R we define the signed measure

1
TH0) = i = 003, (1.6)
where w; :=wg ,, and we set
pay)=llof I, n(y)=loz(»)l. (1.7)

THEOREM 1.5. Let w be a strongly admissible weight defined on a closed
and regular set X =R. Assume that for every 1>0, S, is the union of
finitely many closed intervals, the extremal measure .. is absolutely
continuous on S,,., its density v, is continuous and nonnegative on Int(S,,.),
and at each endpoint c of S,,1,

v,(8) [t—c|Y* = I)(c) < o0, t—c, teS,. (1.8)

Assume further that S, < S,, for all A, > ,>0. In particular this is true
if Q =log(1/w) is real-analytic on X, and v,(c) =0 at each endpoint ¢ of S,
for all 2> 0.

Then the infimum of all numbers >0 such that on every compact set
EcS,: every function fe C(E) is the uniform limit on E of a sequence
{W'pa/qn} ooy with p, € Ry and q, € B g,y is the number 1% =1*(a, )
defined by

¥, fy=inf{1>0:3FpeR: p,(y) <o, ny(y)<p}, (1.9)
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if «>0 and >0, and
¥, 0)=inf{A>0:3yeR: p(y)<a,n,(y)=0}, (1.10)
J*(0, f)=inf{A>0:3yeR: py(») =0, ny(») <f}. (L11)

Finally we consider approximation by weighted rationals w”p, /q, with
Pn € Prany> 4n € Z; pny for « >0 and B> 0 with a positive sum « + f§ that does
not exceed a given number y > 0.

Let w be a strongly admissible weight defined on a closed and regular set
X <R and assume that w satisfies the conditions of Theorem 1.5. The
second approximation problem is stated below:

(A2) For given y>0 find the largest set S, (equivalently find the
smallest 4> 0) such that there exist o =0 and § =0 with a + € (0, y] having
the property that on every compact set E < Int(S,,1) every function fe C(E)
is the uniform limit of a sequence of weighted rationals {w"p,/q,} X_, with
Pn € Ran1> n € Py pn1-

For 2>0and ye R we set m,(y) :=p,(y)+n,(y), where p,(y) and n,(y)
are defined in (1.7) and (1.6). Then mi,(y)<1/2+|y| and

ma(y) = Vo) = [ 1(1/2) dii— y doos |

>U|<1/A> dityi| = [ 1y doog || =[12—1yll.  (L12)
From these inequalities we get
m,:=inf {m,(y): ye R} =min{m,(y): ye[0,2/2]}. (1.13)

Let f, be the equilibrium density for the set S, and

(0, ) =3 00— (1)

be the density of the signed measure a,(y).

THEOREM 1.6. Let y> 0 be given and w satisfy the conditions of Theorem
1.5. Assume that for every A>0 and yeR, s,(t, y) has at most countably
many zeros in S,.. Then the largest set S, having the property that for
every compact E < Int(S,,1) every function f € C(E) is the uniform limit on E
of a sequence of weighted rationals {w"p,/q,} <, with p, €%,y and
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Gn € X gny Jor some =0 and =0 with a+ (0, y], is the set S,,x», where
M) e (0, 1] is the solution of the equation

my=7y. (1.14)

2. PROOFS

Proof of Theorem 1.1. The proof of the necessity part of the theorem is
the same as the proof of Lemma 5 of [1].

The sufficiency part follows from Theorem 1.5 in [ 7] and Lemma 4.4 in
[9]. It is known that for a set E=)7_, [a;, b;] with a; <b;<a,< .- <
a,, <b,, the equilibrium distribution w, has the form

dog(t)= fg(1) dlea’t, teE, (2.1)

L/ IR(1)|

where

ﬁ ((t—a))(t—b;)) and  S(1)= ﬂ (t—y;)

for some y; € (b;,a;,4), j=1,..,m—1 (see, for example, [9, Lemma 4.4]).
From (2.1) we see that at the endpoints of E, the density f5(¢) has the
same behavior as the density v(#) and the result follows from Theorem 1.5

of [71. 1

Proof of Corollary 1.3. Since w*=exp(—AQ), for A>0 the external
field for w”* has the same properties as Q. Hence it is enough to consider
w only. By [8, Theorem IV.1.10(d)], the support S,, is the union of inter-
vals {J,} at most one lying in any of the intervals /; (the components of
). Furthermore, if J is one of the intervals J,, by Theorem IV.1.6(¢) of
[8] we have

:uw|J=1uw|J+1uw|(R\J)a

where the bar denotes taking balayage onto J out of C\J. This implies
that S, =J. Then by [8, Theorem IV.2.4] applied to w|,, and by [8,
Corollary 11.4.12] according to which the measure x,, | g\s has continuous
density it follows that (1.3) holds for the density of «,, . The representation
(1.2) for w on S,, follows from (1.1).

Now suppose that E is the union of finitely many intervals, and w satisfies
the conditions of Theorem 1.1 on E. In particular w(u)=exp(U"(u) + F),
ue E, with density v=v* —v~ satisfying (1.3). From (2.1) and (1.3) we
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get that for y >0 large enough (y >sup{v—(¢)/fs(t), t€ E}), vy :=v+7f>0
on E. Setting A:=(|vF|+y—v™|)"'>0 and F, := A(F—y log(1/cap(E)))
we obtain

wHu) =exp(U* (u) + F,), uek,

and then by [8, Theorem 1.3.3] we get S,,.,=F and u,.=Av,dt. |

Proof of Corollary 1.4. For a real-analytic external field Q it was shown
in [ 3, Theorem 38] that S,, is the union of finitely many closed intervals,
the measure u,, is absolutely continuous on S, and its density satisfies the
conditions of Theorem 1.1. The same is true for w” for any 4> 0. Thus the
corollary follows from Theorem 1.1. |

For the proof of Theorem 1.5 we need a lemma.

LemMMA 2.1. Let E, < E, be compact sets on the real line. Assume that
each E;, j=1,2 is the union of finitely many intervals. Let w;=wg and f;
denote the equilibrium measure and density for E;, respectively. Then f,> f,
on Ey and for every interval I < E4,

(1) > w,(I).
Proof. By Lemma 5.5 of [10] (or [8, Theorem IV.1.6(¢)]) we have
W1 =0, =Ws| g + 02| g5, = 02l E,»

where the bar denotes taking balayage onto E; out of C\E,. Thus f; > f,
on E;. We set v:=w;|g\g,-

Now assume that there is an interval /< E; such that w,(1)=w,(I).
Then ¥(I) =0. Let & be a continuous function on E, that vanishes on E,\/
and is positive on Int(/), and let H denote the solution of the Dirichlet
problem on the domain D= C\E, with boundary function / (see [8,
Section 1.2]). This function H is harmonic on D and continuous on C, and
by the minimum principle, [ 8, Theorem 1.2.47, it is also positive on D. By
a property of balayage measures, [8, Theorem I1.4.1(c)], we have

dev:dev

which is a contradiction. Indeed the left integral is s £, 1 dv=0 by the choice
of h, and the right integral is positive since it is over E,\E,; = D where
H>0 and by (2.1) v'=/£,>0. |

Proof of Theorem 1.5. We assume that « >0 and f > 0, the proof in the
other two cases is similar.
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First let A>/A* and EcS,» be a compact set. Let fe C(E) and f; €
C(S,,2) be an extension of f'to S,,1. Then there is y € R such that p,(y)<a
and n,(y) <p, and by (1.4) and Theorem 1.1, f; is uniformly approximable
on S, by weighted rationals w"p, /g, with p, € #,,1, 4, € % 5, and so is
fon E.

When A= /4* we can verify the approximation property only on compact
sets £ < Int(S,,.+). Indeed let E be such set. By Lemma 5.8 of [ 10] for every
x € Int(S,,») there is a A(x) > A* such that x € Int(S,,i»). Then

Ec |) Int(S,x)

xekE

and since E is compact there is a finite subcover of E, {Int(S, )} ¥ 5. Let
A:=min{A(x,): 1 <i<k(E)}. Then 2> A* EcS,,, and as we have already
shown every fe C(E) is uniformly approximable on E by weighted
rationals w"p,,/q, with p, € %, and g, € % 5,7.

In verifying the converse it is enough to assume that S, < S,,., for all
A1 >2,>0. Indeed in the case when w is real-analytic on 2 we have by
Lemma 2.3 of [2] for every 4y>0,

U Sui={t€8,4:0v,(1)>0},

A> A

and since for every A>0, v, vanishes at the endpoints of S, we get
S, <8, for 4;,>1,>0. By Theorem 1V.49 of [8] (or Lemma 5.7 of
[10]) with w:=w", A:=4,/A,>1, and du,,.=v, dt we have

2 2
f 0y, <Vl — (1 i) T s (2.2)

If A*=0 there is nothing to prove. So assume that A*>0 and let
A€ (0, A*). In view of Theorem 1.1 it is enough to show that for all yeR

hy(y) :=max{py(y), (a/B) ny(y)} >a.

Indeed assume that there is y, with /,(y,) =a. By definition p,(y)=>01is a
decreasing function of y and p,(0)=1/A>0. Similarly n,(y)>0 is an
increasing function of y and n,(0)=0. Hence &, :=inf{h,(y): yeR} is
attained at unique y, >0 and

hy=pai(y:)=(/B) ny(y,). (2.3)
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Since A < A* from the definition of A* we get
a=h,(yo) =h,=min{h,(p): yeR} >0,
that is, h,(yo) =h,(y,) = Then yo=p;>0 and p,(yo) = (/) ny(yo) =

Let 4, € (4, 4*). By (2.2) with 4, =4 and Lemma 2.1, for y > 0 such that
Pi,(y)>0 we have

1 1 1 1
Z U= nyW/‘Ll < 7 U,l|s,m - (/1 _/11> Sy |Sw/11 - yfswzl
1 I 1
</10’1|S‘”‘_<2_11+y> fswi|swh- (24)

We integrate (2.4) over supp(c; (y)). Since S, =S
2.1 we obtain

applying Lemma

whs

P (¥) <piy+1/2—=1/4). (2.5)

We set y=y,—1/A+1/4, >0 for 4, € (4, 1*) close enough to 1 (so that
1/A—1/2,<yo/2), and we obtain

Pa(yo—1/A+1/21) <pi(yo) = .

Then using the identity p,(y) —n,(y)=1/A— y we obtain

n, (yo—1/A+1/21)=p;(yo—1/A+1/41) + yo—1/4
<piAyo) +yo—1/A=n,(yo) =p.

We get h;(yo—1/4+1/;) <a which contradicts the choice of 1; <A*.
Moreover, we have shown that /4, is a decreasing function of 4> 0.

We proved that if 1€ (0, A*) then h,(y) >« for all yeR.

Let 2€(0, A*) and let E=S,,;, for some A, € (4, A*). Then the function
1 (the characteristic function of the set E) is not uniformly approximable
on E by weighted rationals w"p,, /g, with p, € %, and q,, € % 4,7, because,
otherwise we would have by Theorem 1.1 an y e R with /,(y) <a and as
we have shown this is impossible.

Theorem 1.5 is proved. ||

For the proof of Theorem 1.6 we will need the following lemma.
LEMMA 2.2. Assume that for every 4 >0 and y € R the density s,(t, y) of

the signed measure o,(y) has at most countably many zeros in S,,.. Then the
function m;(y) € C'(R) and there is a unique y* = y*(1) such that m, = m,(y*).
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Proof. Let s¥(1, y) be the densities of ¢ (y) respectively. It follows
from the representation

my(y) =J [(1/A4) dp,yi (1) — y deo, (1)

"

that m,(y)e C(R). Let y, € R be fixed. By the definition of m,( y),

m,(y) —m;(yo)

=| e sty dik [ 57 ) sy d

=2 T sy = [ st D)= st o) d

W

—(y—yo-2] (v = yo) S0y di

AF () Af ()

+2 (57 (6, ) =55 (6, o)) i, (26)
(A A GONAT A ()

where A (y) is the support of si (¢, y), respectively. Let 7 be the infimum
of all y >0 such that s,(¢, y) has at least one zero in Int(S,,:). Since yf;(¢)
increases with y, then A} (y,) < Af(y,) for y;> y,>0 and if we assume
that for some y,>y,=7 AF(y)=A47(y,), then at te Af(y)n
A7 (y;) we would have

0(1) = Ayy f3(8) > Ay, fi(1) = v,(1)

which is impossible. Furthermore, A} (y) — A (y,) in the sense that the
Lebesgue measure of the set (A (y)u AF (yo)\(AS(¥) N A (yo)) tends
to zero as y — y,. Otherwise there will be a set E with positive Lebesgue
measure and a number y,> 0 such that Ec Af(y) for all ye[0, y,), but
En Af(yo)=¢. Then for 1€ E we will have 0> 5,(4, yo) =lim,,_, ,, s,(, »)
>0 hence s,(¢, yo) =0 which contradicts the assumption that s,(¢, y,) has
countably many zeros in S,,..
For t¢ A (y)n Af(ye) we have

Is; (8, y)—s; (8, yo)| < lsp(t, y) =558, yo)l =y — yol fi(2),

and therefore the absolute value of the last integral in (2.6) is at most

ly=yol | S0y di=o(1y = yo))

(AFMuaf oA (M A) (1)
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Hence from (2.6) we obtain

miv)=1-2[  fod (27)

A;r (yO)
Then m)(y)e C(R) follows from (2.7) and the fact that Aj;(y) con-
tinuously changes with y.

For y<J, A;(y)= and by (2.7), mj(y) = —1, and m,(y)=p,(y) =
1/A—y. For y> 7, A;(y) decreases with y and by (2.7) we get that my(y)
increases on ( J, o), and m’(y) — 1 as y —» co. Then there is a unique y* =
y*(4)> j such that m)(y*)=0 and by (1.13), m, =m,(y*). Lemma 2.2 is
proved. ||

Proof of Theorem 1.6. We first show that m, is a decreasing function of
A>0. Let 4, >1>0. By (2.5) we have

P (¥)<pAy+1/i—=1/2y),  y=0.
Since m,(y)=2p,(y)+y—1/A, for y =0 we have
my () <2p(y+1/A—=1/2)+y—=1/Ai=my(y+1/2—1/%y). (2.8)
Then from (1.13) and (2.8) and Lemma 2.2 (m,(y)e C(R)) we get

m, =min{m, (y): y€[0,2/A,]}
<min{m,(y+1/A—1/2,): y€[0,2/4,]}
—min{m,(y): ye[1/2— 1/, 1A+ 1/2,7). (29)

By the continuity of m,(y) (Lemma 2.2) the right-hand side of (2.9) tends
to min{m,(y): ye[0,2/2]} =m, as A, >, A; >/ Hence m, is right-
continuous and nondecreasing function of / > 0. Now assume that for some
4> 74>0, m, =m;. Then for every i,€(4, 4,], m; =m;. Then (2.9)
implies that for every A,€(4,/A,], m,; =m;=m,(y,) for some y,e
[0, 1/A—=1/A) U (1/A+1/4,,2/A]. By Lemma 2.2 this y, = y*(4) is unique,
hence y,=0 or y,=2/4, that is m}(0)=0 or m’(2/4)=0. But this is
impossible since by (2.7) of Lemma 2.2 and A (0) =supp(a;(0)) =S, we
have m}(0)=—1, and by (1.12) and m,(0)=1/4, y*(1)=2/. implies
m;=1/A and s,(t, 2/A) <0 on S, which in view of (2.7) gives m(2/1) =1.
Hence m, is a decreasing function of 4> 0.

Now let >0 be given. First let E < Int(S,,») be a compact set. As in
the proof of Theorem 1.5 it follows that there is a 1> /(y) such that
EcS,:. Moreover,

O:=y—my=m;, —m,;>0,
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and m,; >0 for otherwise s,(z, y*(1))=0 on S, which contradicts the
assumption concerning the zeros of the functions s,(z, y).

Let a;:=inf{y>0:n,(y)>0}, and b, :=sup{y>0:p,(y)>0}. Then
0<a,<b,< o, because p,(y) and —n,(y) are nonincreasing functions of
yeR, and m,;>0. Moreover, y*(1)e[a,, b,]. Indeed if say y*(1)<a,,
then for every y e (y*(A4), a;) we would have m, =m, (y*(1)) = p,(y*(1)) >
p.(y)=m,(y) which contradicts the definition of m,. By the continuity of
m,(y) and hence that of p;(y)=(m;(y) —y+1/4)/2 and n,(y)=m,(y) —
pi(y), we can select yo€(a;,b;) with |py(yo) —pu(y*(4))]<d/4, and
In;(yo) —n;(y*(4))| <6/4. Then we set a:=p;(yo) +5/8 and f:=n,(yo)
+0/8. We have a+ ff<m, +30/4 <y, pi(yo) <a, and n,(y,) < f. Hence by
Theorem 1.1, every function f'e C(E) is uniformly approximable on E by a
sequence of weighted rationals {w"p,/q,} with p, € %5 and ¢, € Z ;.

Conversely, let Ae(0, A(y)). Then S,i»<=S,: and m,;>m;, =y.
Consider the compact set E :=S,,1». We recall that under the conditions of
the theorem E is the union of finitely many closed intervals. Then the con-
stant function 1 on E is not w-approximable in the sense of (A2). Indeed,
assume that there are a >0 and f>0 with a+ e (0, y], and a sequence
{w'p,/q,} with p, € % ,; and q,, € % 4, that tends to 1 uniformly on E as
n— oo. By Theorem 1.1 there exists ye R with p,(y)<a and n,(y)<p.
Then m, <m,(y) <a+ f <y gives a contradiction. Theorem 1.6 is proved.

3. WEIGHTED RATIONAL APPROXIMATION WITH LAGUERRE
AND FREUD WEIGHTS

Laguerre weights. The function w(u)=u% " with 6>0 and c¢>0
defined on X'=[0, o0) is called Laguerre weight. 1t is known that ([8],
Examples IV.1.18 and 1V.5.4)

S,=1[a(0,¢c),b(0,c)]=: Ly, (3.1)

is an interval with endpoints a(0, ¢)=1/c(0+1—./20+1) and b(0, c) =
1/e(0+1+4./20+1), and the extremal measure u,, has density

() =— S(1—a(0, (b0, c)—1), tel,,. (3.2)

Tt

For 4> 0 we have w(u)*=u*®e~**, the support S,.= A ;5 s,

vt) =v,t) =—/(t—a)(b—1), teNji=200p g
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where a = a(A0, Ac) and b =b(A0, ic), and

1
= A
Sa(1) - (l—a)(b—t)’ te

is the equilibrium density for the interval A;.

The approximation problem (A2) for Laguerre weights. Let y>0 be
given. To determine m, for A >0 we consider the equation

(1) = Ayf(1),
which is equivalent to
c(t—a)b—t)=yt or ct?+Hy—cla+b))+cab=0. (3.3)

The formulas for v, and f, show that (3.3) has two real solutions
h,o(y)ela, b],

[1’2(y):c(a+b)—yi\/(c;c;+b)—y)2—4c2ab (3:4)

if and only if y € [0, ¢( /b —+/a)*]1=[0, 2/A]. For other y we have m,(y)
>m,. By Lemma 2.2 m, =m,(y*), where y* is the unique solution of the
equation

t(y*) 1
[ nwa=4. (35)
(%)
Changing variables ¢t =(a + b)/2 + s(b —a)/2 in (3.5) we obtain
sin~Y(a, +a,) —sin"Ya; —a,) =n/2, (3.6)
where
—p* \/(c'(a+b)—y*)2—4czab

al = al’ld azz

c(b—a) c(b—a)

We apply the cosine function to both sides of the last equation and simplify
to obtain

V(1= (a1 +a;)*)(1 = (a1 —a>)?)| = a} — a3 .
Simplifying further we obtain 2(a?+ a%) =1, or equivalently

Y¥2 4+ ((e(a+b)— y*)>—4c2ab) 1

cA(b—a)? 2’
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which reduces to
4y*2 —dc(a+b) y*+cA(b—a)*=0.

The solutions of the last equatlon are yt,=cla+b+2./ab)/2, and since
a+b=2(A0+1)/(Ac) and /ab=0/c (see (3.1)), we have

yE=1/4 and  yF=(240+1)/i

Since the range of sin~!is [ —n/2, n/2], Eq. (3.6) implies that a;+a,>0
which is equivalent to y* <(240+1)/(A(40+ 1)) and y¥ only satisfies this
condition, unless 6 =0 in which case y§ = y5. Hence,

y*=yf=cla+b—2/ab)2=1/. (3.7)

Next we derive a formula for m,(y) for ye [0, 2/4]. We have p,(0)=1/4
and since m,(y)=2p,(y)+ y—1/4,
, , t(y)
pi(y)=(mi(y)—1)2=— Sit) dt, (3.8)

t,(y)

where we used (2.7). Then with

s1,2() =2ty 5(y) —a—b)/(b—a)

we obtain
Pi(y) = (sin ' (s5(y)) —sin ~!(s,()))/7. (3,9)
Then
piAy)=1/2+ foy pi(u) du=1/A+(J5(y)—J(y))/n
and
my(y)=1/A+y+2(J(y) = Ji(y))/x, (3.10)
where

Taaly)i= | sin (s, o) di

. “312
=ysin~'(s; o(y J

V1 — 8, H(u
ut}, 2( )

=ysin~ (51,2(y))_j0 \/(11,2( u)—a)(b—t, 5(u))

du.  (3.11)




RATIONAL APPROXIMATION WITH VARYING WEIGHTS III 355
For t; (u) from (3.4) we get

/ _ Fiyo(u)
2= ) — ) (:12)

and by (3.3)

St ) —a)(b—1, (1) = Jut H(u)/e. (3.13)

Then by (3.11), (3.12) and (3.13) we obtain

Jo(y) = Ji(y) = y(sin ™ (s5(y)) —sin " (51(»)))

s fy\/;t(\/ll(u)Jr\/fz(u)) "
Jedo ) = ty(u)

For the last integral we have by (3.3)

jy—\/; du=jy \/;l du

0o J(w)=/tru) o () + 1a(u) = 2 /14(u) 15(u)
=jy \/; du

0 \/(a—i—b —u/c—Z\/(E

—ffm ﬁAuy).

To compute A(y) we use change of variables # — 20> and integration by
parts

dv=—4 1 —0v%dv

(]

/2 1 _ X _X _ N
+4f0 ﬁivzdv— 4 /2<1 2> A(y) +4sin—(/y2),

and so we obtain

4 Jx/yﬁ v? jx/yﬁ

A(y)=2sin"'(/y/2) —/y(2—). (3.14)
Then

Jo(y) = J1(y) = y(sin ™ (s5(p)) —sin "' (51(»))) — A(Ap)/2
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and for m,(y) from (3.8), (3.9), and (3.10) we obtain
1 (y)
my(y)=1/A+y—2y L o Ji(t) dt = 2A4(4y)/(4m). (3.15)

For the minimal mass m, we get (using (3.5) and (3.14))

t1(1/2)
my=my(y*)=my(1/4) =2/A—(2/4) L W Si(e) di
“24(1)/Um) = 1/ — 2n)2 — 1)/(An) = 2/(J0). (3.16)

The quantity m, decreases from oo to m; as 4 increases from 0 to 1. Then
by Theorem 1.6 for a given y>m, the largest interval A, := /A, ;. on
which approximation by weighted rationals is possible in the sense of (A2)
is the interval A, where A(y) =2/(ny).

Freud weights. The function w(u) =exp(—y, |u|*), with 7> 0 and

_I'(z)2) I'(1)2)
Tt 1)2)

defined on X' =R is called Freud weight. By [8, Theorem IV.5.1], S, =
[—1, 1] and u,, (¢) =s.(¢) dt, where

7—1

(1) le u
s(t)=—| —]m—
Ty Ju?—1?

is the so called Ullman distribution.

du, te[—1,1] (3.17)

The approximation problem (A2) for Freud weights. Let 4> 0. For w(u)*
=exp(— A4y, |u|?) it follows from the definition of the extremal measure
that S,.,=[—A~Y, 17" ]=: A,, and

v,(1) =0,:(t) =s,(AV7t) A1, te A,

The function s, is even and as we are going to show later with Lemma 3.3,
for e[ 1, 2], s,(t) is monotone decreasing on [0, 1] and so is v,(¢) on
[0, 27Y].

We shall restrict ourselves to Freud weights with 7e€[ 1, 2] since in this
case the monotonicity of s, allows us to solve the problem completely. For
y =0 we consider the function

st )= (1) vi(t) = pf3(0), el
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where

= ien,

- /2—2/1_12’

is the equilibrium density for A ;. The equation s,(¢, y) =0 has exactly two
solutions #,(y)>0 and ,(y)= —#,(y) in A, for ye[0, a, ;), where

] v,(0) T
TR0 A1)

By the proof of Theorem 1.6 and Lemma 2.2 we have

m, = min{ml(y): ye[o, ar,z]} =my(y*),

where y* € [0, a, ;) is the unique solution of the equation

1 1(y) 2
72[ - Sa(t) dt==sin = (A1y(p)).
2 Jum T

Then AY7t,(y*) =ﬂ/2, and for m, we obtain

1
mz=m4(y*)=2pz(y*)+y*—;
2 (™ n* 1
= 1) dt —2y* t) dt *_—
; f_w) vA(1) di —2p j_tl(y*)fm +rr—
H(y*) 1 V22 1
dt —==- du——. 3.18
i_[ tl(y*) ;L i S-r(u) u A ( )

To compute the last integral we need a differential equation for s,(¢). Let
t€(0, 1). With the change of variables u — fu; and u; — 1/u we obtain

7—1

J~1/t ul
/u _
Then

N

;<r>—;<<r—1>f—2j ﬁ

du.  (3.19)

T Ty "
,ﬂ'*lj -
n rJ1—u?

u_tr—l
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or equivalently

T
tsi(t)=(t—1)s,(t) ——F—. (3.20)
n/1—1¢*
For ae [0, 1] using integration by parts and (3.20) we obtain
I(a):= j s.(1) di = as,(a) — j 15(1) di
0 0
—as(a) +—sin~Y(a) — (t— 1) I(a),
T
hence
a |
I(a)=-s/a)+—sin"(a). (3.21)
T n

From (3.18) and (3.21) we obtain

_4L(/22)—1 2 f
- : (J2/2). (322)

A

Then m, decreases from co to m; as 4 increases from 0 to 1. By Theorem
1.6, for given y >m, the largest interval A, on which weighted rational
approximation is possible in the sense of (A2) is the interval A, where
(see (1.14))

A 2\/ (J2/2). (3.23)

The approximation problem (A1) for Freud weights. Let x>0 and >0
with o+ >0 be given. The Freud weights satisfy the conditions of
Theorem 1.5, hence by Theorem 1.5 we have

¥, f)=1inf {1>0:3yeR:hy(y)<a}.
As shown in the proof of Theorem 1.5, for every 4 > 0 the equation p,(y) =

(/) ny(y) has unique solution j(«, f; 4) > 0. Moreover, by the proof of
Theorem 1.5 it follows that 2*(a, ) is the unique solution of the equation

Py, B 2) =
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For te A, we have u:=A""te[ —1,1] and

1 y

s;(t, y) =2 <S (u) _n\/Tiuz

;‘, T
Then with p(y)=[5"(u, y)|l and 7A(y)=|5"(u, y)ll we have p,(y)=
2715(Ay) and n,(y)=A"'(Ay). Moreover, y(a, f; 2)=A"'$(a, ), where
J(a, B) 1s the unique solution of the equation p(y)=(a/f)7(y). Hence
J*(a, B) is the unique solution of the equation p,(A~'J(«, B)) =«, that is,
P(F(a, B)) = Aa. Therefore

A*(at, B) = p( (e, B))/ox. (3.24)
Here j(o, ) = j(7; o, p) and A*(a, f) = A*(7; o, ff) depend on 7 as well.

>=: AV =15 (u, Ay).

Now let te[ 1, 2]. In this case by Lemma 3.3 for y € (0, a,) the equation
$(u, ) =0 has exactly two solutions u;(y)>0 and u,(y)= —u;(y) in
(—1,1), where a, :=sup{y>0: p(y)>0}. Then

u1(y)
PI=2 [ w0 di—2p/m) sin~an(y).

From (3.21) for the last integral we obtain

L(uy()) = (1/7) uy(y) se(us () + (1/7) sin ™' (uy( 1)),

hence

P(y)=(2/1) ur(y) seus(»)) +(2/m)(1 = y) sin 'y (). (3.25)

On the other hand using that p(y) —#i(y)=1— y we can write the equation

P(y)=(o/B) 7i(y) in the form (f—a) p(y)=a(y—1). If a # S by (3.24) we
get

Iz 0, ) =y(fﬂ°‘ﬁoz_l (3.26)

If o = then j(7; 0, ) =1 and by (3.24) and (3.25),
A¥(ts o o) =2u,(1) s(uy(1))/(at). (3.27)

We now consider the special case T=2. We have s,(1)=(2/n) /1 —¢*

(see (3.17)) and solving §(u, y) =0 we get u; ,(y)= +./1—y/2for ye [0, 2).
Hence by (3.25) we get that 7(2; a, ) is the solution of the equation

(I/m)(f—o)(/¥(2—y) +2(1 = y)sin T (/1= y/2)) =a(y—1).  (3.28)
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Then 2*(2; o, B) = (J(2; o, B) —1)/( — ) if o B, and

pF(20,0)) _ p(1)

1 1 1
IH(2 o, 0) = _ AU LI N
( 5 &, OC) o o O(\/ESZ <\/§> o

Next we show that the Ullman distribution s, for €[ 1, 2] is monotone

on [0, 1].

LemMA 3.3.  For every 1€ 1, 2] the Ullman distribution s, is a monotone

decreasing function on the interval [0, 1].

Proof. First let e (1, 2]. We will show that s7(#) <0 on (0, 1) which in

view of (3.20) is equivalent to

s(1) < te(0, 1),

T
n(f—l)ﬂ/l—tz’

or using (3.19) it is the same as

Loy~ 1
7! du< , (0, 1). (3.29)
Jt«/l—u2 (t—1)/1 =172
For ue[0, 1) we have the power series expansion
(1—u)='2=3% (—1)k< / >uk=: Y e,
k=0 k k=0
where ¢, =1 and
(2k—1)1 _
=Tk 2k =0(k™)
for large k€ N. Then (3.29) is equivalent to each of the following
-1 J 2Ak—z g .
Z u<( T Z e,
1_12k+1—‘r
'r 1 2k
z"‘<2k+1 > 7—1) ch .
and
1 1 ee} tr—l 2k[2k
Z < >, te(0,1).
(t—1)" = 2k+l—r) (t—1)(2k+1—1)
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The last inequality follows from

1

g “ktl—1) te(l, 2] (3.30)

(r
To verify (3.30) we consider the function

1 i 1
F(T):(T—l)_kZ:lem’ re(1,2].

We have F(t) > o0 as 7— 1" and

[ee]

F(t)=—(z—1)" Z 2k +1—1)72<0, 7e(l,2].

So it is enough to show that F(2)> 0. Using the same expansion as before
we obtain

1 42 © 1 — %=1
du= e ———— te(0,1
| Ll o) o
which implies

o !
,El k=1~

(k=1
kZ “ (2k—1) f «/l—u

for € (0, 1). Next for (0, 1) from (3.19) we get

Jl u? d 1 1<7r (1) 1> —t
U——=—(z5t)—-1)|=—+=—-.

c 1= 1\277 J1—12+1

Taking a limit as t —> 0% in the last two equations we obtain

1

F(2)=1—k§1 T

For =1 by (3.17) we get

s,(6) = (1/n)(In(1/) +In(1 + /T =),  te(0, 1],

a decreasing function on (0, 1]. This completes the proof of Lemma 3.3. ||
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